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ABSTRACT
‘~iis paper compares two distin c t assumption s of the techniques that an
indiv idua l gunner m$g~1t faflow in tarqet selection and t~,e assessment ofthe effectiveness of several gunners . These two assumptions are:

o argets are selected at random with rep l acement after eachengagemen t , or

o argets are selected at random without replacemen t after eachengagement.

~r~e ~‘rst assumption leads to a w ide ly used assessm en t equation .
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ASSESSMENT EQUATIONS

.. PURPOSE . This technical paper derives two assessment equations
app ’

~ica ble to contat models. The underl ying assumptions and predicted

~ut:omes are compared.

~~~. INTRODUCTION. This paper compares two distinc t assumptions of the
technique that an ind ividual gunner migh t follow in target selection and
the assessment of the effectiveness of several gunners. These two
assum ptions are :

o Targets are selected at random with replacement after each
engagement , or

o Targets are selected at random without replacement after each
engagement.

As we Show later , the first assumption leads to an assessment equation that
nas been used wide ly (see references a and d In paragraph 9). Paragraph 3

F- - presents ~, example to Illustrate the application of the two formulas .
Then paragraph 4 develops a basic assessment equation depending on the
expected k’ll capabilit y of a weapon independent of the target selection
process of the gunner . The succeeding paragraphs develop and compare the
differences predicted by the selection processes.

3. EXAMPLE: Consider the situation of two targets of the seme type, two
‘irers with two rounds each, and distinct probabilities of kill P1 and
~~~~~ . We conVute the expected number of ki ll s by each target selection
process.

a. Targets are selected with replacement after each round fired . The
:~ probab ility then that weapon one fires r1 rounds at a given target and

weapon two fires r2 rounds at the same target is:

1 2! 2!
~r 

(r 1,, r2 ) r1!r2 ! (2-r1)! (2-r 2 J !

~he expected number of ki l l s given r1 and r2 rounds fired at a given
target IS:

r 2—r 2—r
E (kllls/r 1, r~,) • (1—(1—P ,) ~)(1— (1—P,) 2) + (1~ ( 1 P 1) ‘) (1~(1_

~P,) 
2)

5 & £ £

The expected number of kills Ea IS then

— — — —— -5

—5-- - —5-— ~~~~~~~~~ a-~~~~~~~~~ -
- — — ~~~~~~~~~~ —



________________________ - -------55---- - — 5 5 5 -  —-5— 55 —~~~~~

F F~~~~~~~~ 
- -  

.

Ea 
$ E (k i l ls)  • E (E (kills/r 1, £2))

2 2
~r ~

‘i’ r2 ) E (kllls/r 1, £2)r2 — O  r1
.O

p P
-r

The last equality requires rnultinomial al gebraic man i pulation.

~~~. Targets are selected without replacement after each round fired .
The expectation of killing one target Is the number of target kil l s (1),
t imes the number of ways of choosing one target Out of two (V i , times the
probabil ity of kill i ng exactly one target. This last probability Is the
~robab il1ty that firer one i li s neither target ~nd firer two kil ls one
but not the other. Thus, the expectation of killin g one target is:

1~2•(P1(1-P 1)(1-P 2 ) • (1-P 1)
2P2(1-P 2))

The expectation of killing two targets Is the number of target kills (2),
t mes the number of ways of choosing two targets out of two (1), times the
~robabil1ty of killing exactl y two targets. This last probability is the
probability that firer one Il’!s both targets , or t!iat ‘4 rer one kills one
target but fail s to kill the second target and fire - two k ill s the second
target, or fi rer one fa l ls  to kil l  either target and ‘Irer two i lls
both. Thus, the expectation of killing two targets IS:

2 1’ (P1
2 2P 1(1-P 1 )P2 • ~

1_P
1~
2P~)

:~ total , t~e expec ted number of ills Is the sum of these equations and
may be al gebraicall y reworked to:

• 2 ( 1—( 1-2P 1/2 ) (1-2P2/2 ))  .
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For a numerical example , if P1 .6 and P2 $ .7 , then

and Ea 1.59

Eb • 1.76

hUS Eb > Ea for this example.

4. ASSESSMENT EQUATION BASE . A ~c rittee~ modeling approach will be
~seci to derive a base assessment equation that will consider no
interaction between gunners In selecting targets. The next paragraph will
particular i ze this base equation to the two target selection policies
being considered. We will have B distinct firing weapons, with I the
i ndex of ‘iring weapons. However, if some weapons are i dentical , then
certain terms could be grouped In the final formula. We will later
provide a formula with different target types. Assume then, that there
are T targets of the same type and B firing weapons. This development
w i 1 l account for multiple kills of the same target by different weapons by
using the ~conrn ttee M approach. We associate the T targets with T people
in a population from which convnittees are to be formed, and we allow one
person to serve on more than one coiiinlttee. We form B conunittees, with
the ith conini ttee having K j members, each gunner (or conrittee former)
selecting members without replacement from a uniform distribution. In
other words, the members on the ith conriittee correspond to K 1 target
kill s by the ith weapon. In reference c, page 165, the probability of
having a total of M people on conrittees (I.e., a total of M target kills
by at lea st one weapon ) is given by:

1.1
N - B

Pr(M I K ’ s) (N) ~~
, (fl

M_i (
~
) ii

i.1 K

where 0 ~ N ~j T. Since N is a ‘an dom var iable , we must find its
conditional expected value given K j kill s. The conditional expected
value has been worked out in reference b. Using that paper, the expected
value of N given the K j is:

B
j E (N / K 1 ) • I (1—fl (1—K 1 /1 ) )

1.1
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~4ow to obtain the expected number of total kills , the expectation must be
taken with respec t to the K j .  Since the K 1 are independent , the
expected number of total kill s is:

3
E ~. E(M / K 1 )) I 1— n (1—E (K 1 )/T)) 

. (1)
1~1 

. 

I‘hi~ last equation is the desired base assessment formula. The next
paragraph derives the appropriate E(K1) for the two target selection
assumptions.

5. PARTICULAR ASSESSI4ENT EQUATIONS.

~~ . ~e w ill now compute the expected number of kills by one weapon
agai nst I targets with a target selection process of randomly drawing a
target for each after replacing any previous targets. Let P be the single
shot kill probability of any one round against any of the i dentical
targets, R the total number of rounds fired by the weapon, and 1

~ 
the

number of rounds fired at target t, t a 1, --- , I ( 
~ R~ R). Then the

joint probability of the R~ is:

r ~
R t 

S 
, 

~~~~~~~~~ 
a ...~~

I
t.1

Tbu~ “he ‘xpected number of kills given the re ’ s i~

I
E (kITlS /r

~
, tul , —— , 1) • ‘ l — ( i — P )  ~

tal

The expec ted number of ki l ls is the s~mnation over all combinat i ons of the
‘ t ’ S , of the product of the above two equations; 1 .e:

c’ ~ _____ 

•1E ~k~’ls) ‘ ... ‘ 
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a ~~~~ ( 1— ( 1— P)R )
t u l

a I (1— (1— P)R )

This last expression is the E(K 1) reauired in the base equation of
Daragraph 4. SubstitutIng this value of E(K 1) Into the base equation we
obtai n K , the total number of kills by the B weapons , as:

R .P . ~B I ‘ l — ( l —  1
) ) I

K • ~ 1— II ( 1—
i~ 1 I

B ~
• 1 ( 1— fl ( 1— 4) ) ‘ (2 )

1—1
where:

P 1 * sing le shot kill probability of weapon type I against the target
type

total number of rounds fired by weapon type I against the target
type.

This formula is the same type as the one used in references a and d.

b. The formula for the expected number of ki l ls by one weapon (labeled
1) agaInst T targets, wi th a target selection process of randomly drawing
a target without replacement for each engagement, will depend on the
number of rounds fired in comparison to the number of targets. Let R 1
be the total number of rounds fired by the weapon and P1 the single shot
kill probability of any one round against any of the identical targets.
If R j~~I, then the expected ki ll s by using the binomial theorem Is
s imply:

E(K j )  • R 1P1
and thus the total number of expected kills Is:

5
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3
K • T ( 1— (1 ( I—R 1P 1/ T) )  . (3)

lv’

f the time Deriod or ‘iring rate is such that R j .1 is possIble , then
E~K~) is s~i ghtl y more complicated . A more general ‘ormulation for
E~K~ ) could i nvolve assuming that any extra rounds ~I.e. those in excess
~f targets

) would be uniformly distributed over the targets. We w i ll use
the notation g(x) to denote the greatest integer less than or equa l to x.
Then E K ~ ) is:

R 1P 1 if g(4) a 0

a - g(-4)

~1-( 1-P 1 ) 
R 

+

1+g(4)
IR_g(.r )T ) ‘1- (1-P 1) ) otherwise

6. IMPLEMENTATION: Both the assessment formula types are eas il y
in~ l emented on a computer . In fact , the formula for selecting targets
with replacement Is presently being used in the JIFFY Combat Model ,
reference a. For example, page 21 has a General ized Assessmen t
Equat’on the same as equation 2 ’ , namely:

SSK P ~ik
K a ~~ — n  ~~~ 

1k .
~ I¼ ai i i Tk ¼

where :

I Is the Index for the firing weapon type

k is the index for the target type

K k ~S the nLavtber of target type ¼ k i l led by ill ‘irers

T( is the number of targets of type ¼ engaged

R ik Is the number of rounds fired by all weapons of type I against
target type ¼ , and

SSKP I¼ is the single shot kill probability of a single weapon of
type I against a single target of type ¼ .

5
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The terms T k and R ik are determi ned internal to the mode l from such
‘actors as terrain , ‘i ne of sight , weat her condit ions , ‘ight and
3bscu ration condition s, operational ava i lab i l ity ,  f iring rates , weapon
~oads , target massing, suppression , etc. To obtain the total ki~ ls , the
JIFFY models sums th~ K~ over all target types.
-
. COMPARISON OF EOLJATIONS. The simple : a c ~ lat ions of paragraph 3

suggest and leta’led al gebraic man ipulation s confirm , the selection
wit hout rep l acement f ormula yields more k i’ ’ s than the selection with
replacemen t formu ’a. This difference rests in the target selection
assumption s imbedded ~n the derivat ions of the two equations. The target
selection with replacement allows a weapon to repeatedly ki ll the same
tar~et. So for two shots against two targets with a probabi lity of kill
Df .e ,

.8 2
a weapon has an overall expected number of k i l ls  of 2( 1-( 1- 7) ) • 1.28 by
tar get rep ’1 acement. lowever, i f one shot each was fired at the two
different targets , then the expected number of ki ’ls is 2(.81 a 1.6. The
difference , .32’(1/2 ~~~~~~~ is the product of the pr obab ility the
gunner picks as target two the same target as his ‘irst , times the
~ obabi lity of ~i lli n q the ‘i~ st tar get , times the probability of k i l l ing
h’s second target . Addit io nal ’ y , the target selection with ‘-eplacement

• formula is insensitive tc whether , ‘or example , there are two gunners wit ”
10 rounds each or 20 gunners w i th one round each , wherea s the select ion
witho ut replacemen t formula is sensitive to these differences. A
remaini ng probleri with both assessment equation s i~ that of having large
number of firers and targets; nevertheless in both formulas any firer can
fire at any target i ndependent of the geometry of the situation . When
these equation s are used In a combat model context , the overall battle
Shou ld be decomposed into reasonable size sub-battles where the target
selection assumptions of targets being uniforml y picked by each gunner Is
appropriate.

8. SU~4ARY : This paper has derived two assessement equations appli cable
to combat modeling. Each of these equation s is built on a different
assumption of gunner target selection .

a. A gunner selects targets at random with rep l acement, i.e after
firi ng he uses no prior knowledge of which targets he has already engaged
and randomly picks any target, if ye or dead, or

5. A gunner selects targets at random without replacement, i .e. (in
the case of firing fewer rounds than avai lable targets in the engagement
Derlod) after firing, he randomly pick s any target he has not yet engaged .

The modeler must choose the assumption he fee s best represents his
problem.

7
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